Abstract In this work we furnish characterizations of spherical and plane curves using rotation minimizing frames. Due to their minimal twist, in many contexts these frames are preferable over the usual Frenet one, such as in motion design, sweep surface modeling, computer visualization, and in geometric considerations as well. Here, we first furnish an alternative proof for the characterization of spherical curves by using osculating spheres described in terms of a rotation minimizing frame. In addition, we show how to find the angle between the principal normal and a rotation minimizing vector for a spherical curve. This is done by conveniently writing the curvature and torsion for a curve on a sphere. Later, we extend these expressions for the curvature and torsion of a generic curve by studying its behavior near an osculating sphere, i.e., we describe them in terms of spherical analogs. Finally, we also address in this work the problem of characterizing those curves whose position vector, up to a translation, lies on a (moving) plane spanned by the unit tangent and a rotation minimizing vector field and prove that they are precisely the plane curves.
its principal normal always points to the center of curvature, it may result in unnecessary rotation and then making its use unsuitable in some contexts. In this respect, the consideration of rotation minimizing frames {t, n 1 , n 2 } (RM frames, for short) is of special interest [3, 30] : the basic idea is that n i rotates only the necessary amount to remain normal to the tangent t. Due to their minimal twist, RM frames are of fundamental importance in many branches, such as in camera [19, 29] and rigid body motions [20, 21] , visualization [2, 24] and deformation of tubes [33, 34] , sweep surface modeling [5, 38, 42, 46] , and in differential geometry as well [3, 15, 43] , just to name a few. While the computation of a Frenet frame can be easily done, this is not the case for RM frames. Since the inability to compute RM frames would impose severe restrictions in their applications, numerical methods and special curves for which such frames can be computed were investigated. In the numerical arena, we can mention the rotation [4] , projection [30] , and double reflection methods [47] (for more details on numerical approaches, see [47] and references therein). On the other hand, an important class of curves is the so called Pythagorean-hodograph (PH) curves [16] and its subset of polynomial curves that admit rational RM frames [17, 18] : the possibility of using rational function integration in order to exactly compute RM frames is of major importance and leads to many computationally attractive features.
Spherical curves constitute an important class for which it is possible to exactly find RM frames. The goal of this work is to study some properties of spherical curves using these frames. We show how to find the angle between the principal normal and an RM vector (the derivative of this angle gives the torsion) for an at least three times differentiable space curve. This is done by using a convenient expression for the curvature function and torsion of a spherical curve. Subsequently, we show how to generalize these expressions for a generic curve by using the concept of osculating spheres, i.e., we describe the behavior of the curvature and torsion of a curve near an osculating sphere using spherical analogs. We also furnish a characterization of spherical curves by using osculating spheres described in terms of RM frames.
In addition, we also address in this work the problem of characterizing those curves whose position vector lies, up to a translation, on a (moving) plane spanned by the unit tangent and a rotation minimizing vector and prove that they are precisely the plane curves. This problem has to do with the more general question of studying curves that lie on a given (moving) plane generated by two chosen vectors of a moving trihedron, e.g., one would define osculating, normal or rectifying curves as those curves whose position vector, up to a translation, lies on their osculating, normal or rectifying planes, respectively [9, 11] . It is known that (i) osculating curves are precisely the plane curves 1 , (ii) normal curves are precisely the spherical curves 2 , and (iii) rectifying curves are precisely geodesics on a cone [10, 11] 
3 ): these investigations can be generalized to higher dimensions [7, 11] , to moving frames adapted to surfaces [8] or to other ambient spaces [6, 27, 26, 35, 36] as well. The remaining of this work is divided as follows. In section 2 we introduce RM frames and some geometric background. In section 3 we characterize spherical curves and compute their RM frames. In section 4 we describe the local geometry of curves in terms of spherical analogs by using osculating spheres. In section 5 we establish a characterization of planar curves using RM frames and, finally, in section 6 we present our concluding remarks.
Preliminaries
Let us denote by E 3 the 3D Euclidean space, i.e., R 3 equipped with the standard metric x, y = 3 i=1 x i y i . Given a regular curve α : I → E 3 , i.e., α ′ , α ′ = 0, the usual way to introduce a moving frame along it is by means of the Frenet frame {t, n, b} [31] :
whose equations of motion are
, and
are the curvature and torsion, respectively.
For simplicity, we assume that all the curves are parametrized by an arclength s, i.e., α ′ (s) = 1, unless otherwise stated. In addition, we say that α is a twisted curve if κ > 0 and τ = 0. A point α(s * ) with κ(s * ) = 0 is called an inflection point.
Despite the importance of Frenet frames in geometric considerations, in some applications their use is unsuitable since the normal vectors n and b rotate around each other. So, one should consider other adapted orthonormal moving frames {t(s), n 1 (s), n 2 (s)} along α(s) with the additional property of n i rotating around the unit tangent t only. The equation of motion of such a rotation minimizing (RM) moving frame is d ds
Remark 1 Due to their remarkable properties, RM frames have been independently discovered several times, see e.g. [3, 12, 22, 30, 44] . However, Bishop seems to be the first to exploit their geometric implications [3] (albeit he named them relatively parallel ). In addition, it can be proved that an RM vector field is parallel transported along α(s) with respect to the normal connection of the curve [14] : if α(
By writing n 1 = cos θ n − sin θ b and n 2 = sin θ n + cos θ b, the coefficients κ 1 , κ 2 relate with the curvature function κ and torsion τ according to [3, 23] 
An advantage of an RM moving frame is that it can be globally defined even if κ = 0 at some points [3] . In addition, RM frames are not uniquely defined, since any rotation of n i on the normal plane still gives an RM field, i.e., the angle θ is well defined up to an additive constant. Nonetheless, the prescription of curvatures κ 1 , κ 2 still determine a curve up to rigid motions [3] .
Finally, we say that two regular curves curves α and β in E 3 have a contact of order k if α(s 0 ) = β(s * 0 ) and all the higher order derivatives, up to order k, also coincide:
For example, the tangent line has a contact of order 1 with its reference curve, while the osculating circle has a contact of order 2 [31] : at an inflection point the tangent line has a contact of order 2 with its reference curve, so we may say that the osculating circle at this point has an infinity radius of curvature. Further, we say that a curve α and a surface Σ has a contact of order k if there exists a curve in Σ which has a contact of order k with α and all the other curves has a lower, or equal, order of contact 4 . For example, the osculating plane, i.e., the plane spanned by {t, n}, has a contact of order 2 with its reference curve, while the osculating sphere has a contact of order 3: at a zero torsion point the osculating plane has a contact of order 3, so we may say that the osculating sphere at this point has an infinity radius. At a twisted point, the center and radius of the osculating sphere are respectively given by [31] 
3 The geometry of spherical curves
The study of spherical curves leads to many interesting geometric investigations [1, 13] and in this respect the study of the osculating spheres may furnish valuable informations about the geometry of a generic regular curve [31, 45] . The next two sections will be devoted to the investigation of the geometry of spherical curves and osculating spheres in the study of more general curves. 4 For a level set surface
Characterizing spherical curves
Interestingly, RM frames allows for a simple characterization of spherical curves. Indeed Here we furnish a proof of the above result by using osculating spheres. First, let us describe its parametrization by using an RM frame. Indeed, let us write
Imposing the order 3 contact condition leads to g ′ (s 0 ) = g ′′ (s 0 ) = g ′′′ (s 0 ) = 0 and gives
So, the coefficients β 0 , β 1 , and β 2 as functions of s 0 are
τ κ 2 , and
where in the equalities above we used the relation between (κ 1 , κ 2 ) and (κ, τ ).
Proof of Theorem 1 for C 4 curves 6 . Taking the derivative of the osculating center gives
From the linear independence of {n 1 , n 2 } we conclude that P ′ S = 0, i.e., α is spherical, if and only if β 1 and β 2 are constants. From Eq. (9), this is equivalent to say that the normal development lies on a line not passing through the origin.
⊓ ⊔
Remark 2
The approach above has some weaknesses when compared with that of Bishop [3] . Indeed, the use of osculating spheres demands that the curve must be C 4 and also that τ = 0, while in Bishop's approach one needs just a C 2 condition and no restriction on the torsion.
5 An attempt to extend these ideas in order to characterize curves that lie on a surface is described in [43] . 6 We need a C 4 condition in order to compute κ ′′ i : C 1 is enough to have t; C 2 to have t ′ and then κ i ; and C 3 (C 4 ) to have κ ′ i (κ ′′ i ).
Rotation minimizing frames for spherical curves
In order to find an RM frame along a curve we can compute the angle between the principal normal and an RM vector field. This can be done by conveniently using θ ′ = τ [23] , the only drawback being the need of a Frenet frame globally defined, i.e., no inflection point should be allowed, otherwise the torsion may be not well defined. This can be effectively done for spherical curves by extending a result in [32, 39] . Indeed, we have Theorem 2 Let α : I → S 2 (p, r) be a spherical C 3 curve parametrized by arc-length s, then (a) the curvature and torsion are respectively given by
(b) the angle θ between a rotation minimizing vector and the principal normal satisfies
where
Proof. (a) Assume p to be the origin (the general case is reduced to this one by studyingα = α − p). The vectors α/r, α ′ , and (α/r) × α ′ form an orthonormal frame along the curve 7 . Write
Since α is parametrized by arc-length, we have α ′′ , α ′ = 0. In addition, from α, α = r 2 , it follows that α ′′ , α = − α ′ , α ′ = −1. In conclusion, the acceleration vector gives
Now, writing the normal and binormal vectors as n = α ′′ /κ and b = α ′ × n = α ′ × α ′′ /κ, and using the Frenet equation τ = − b ′ , n , we have
7 Such frames are also known in the mathematical literature as Saban frames [28] . They were introduced by Giacomo Saban in the characterization of spheres through the vanishing of ρ n τ ds for every closed curve on the surface [39] , which generalizes the case for n = 0, i.e., τ ds, in Ref. [41] . An alternative for the approach in the previous section is the observation that for a spherical curve α ⊂ S 2 (p, r) the normals to the sphere along α, i.e., the normalized position vector N = (α − p)/r, minimizes rotation. Indeed,
′ (this is an important step in the implementation of the double reflection method for computing approximations of RM frames [47] ). The curvature κ 1 associated to n 1 = (α − p)/r is then κ 1 = −1/r. For the other RM vector field, i.e., n 2 = α ′ × (α − p)/r, one has κ 2 = −J/r. Using the concept of osculating spheres, we would intuitively say that every curve is locally spherical. In this case, it is tempting to ask if the normals to the osculating spheres minimize rotation. Unhappily, this strategy does not work unless the curve is spherical:
where ρ = κ −1 and
In addition, the normal vector field to the curve given by the normals to the osculating sphere along α(s) minimizes rotation if and only if α is spherical, i.e., when ς ≡ 0.
8 For a generic analytic curve, the lateral limits τ − 0 and τ + 0 do exist and coincide [25] . But if we drop the analyticity assumption, one of the lateral limit may diverge even for a C ∞ curve [25] . Indeed, analytic curves are well behaved with respect to inflection points: given two analytic functions K ≥ 0 and τ , there exists an analytic curve, up to a rigid motion of E 3 , with curvature κ = √ K and torsion τ [40] .
Proof. Using that R ′ S = ρ ′ ς/τ R S and P ′ S = ςb, direct computation of the derivative of N = (α − P S )/R S leads to Eq. (17) . Finally, by a known result of geometry, the condition to be spherical leads to ς ≡ 0 [31, 32] , which by direct examination of Eq. (17) is a necessary and sufficient condition to have N and t parallel.
⊓ ⊔ Now we investigate how to extend Theorem 2 for a generic curve. Let α be a regular twisted curve and Σ s = S 2 (P S (s), R S (s)) be its osculating sphere at α(s). Near a fixed point α(s 0 ) we can obtain a spherical curve β : (s 0 − ǫ, s 0 + ǫ) → Σ s0 by projecting α on Σ s0 according to
where a 0 = P S (s 0 ) and r 0 = R S (s 0 ).
Theorem 3
The torsion τ α and the curvature κ α of a C 3 regular twisted curve α and the torsion τ β and the curvature κ β of its (osculating) spherical projection β coincide at s 0 :
In addition, we can write the curvature function as
and the torsion as
and ς is defined in Eq. (18) .
Proof. In order to compute τ β and κ β it is enough to find β ′ , β ′′ , and β ′′′ . Calculating the derivatives of β and taking into account the relations
satisfied by an osculating sphere [31] , we obtain after some lengthy but straightforward calculations the following relations at s = s 0
where {t, n, b} are the Frenet frame of α. It follows that α(
, and α ′′′ (s 0 ) = β ′′′ (s 0 ) (this is not a surprise, since an osculating sphere has a contact of order 3 with its reference curve).
Substituting the expressions above for β ′ , β ′′ , and β ′′ , in the equation for the torsion and curvature and using the equalities α (i) (s 0 ) = β (i) (s 0 ) (i = 0, 1, 2, 3) gives the desired result: τ β = τ α , κ β = κ α . Now let us express κ and τ in terms of J. First, observe that β is not necessarily parametrized by arc-length, so we must adapt the expressions in Theorem 2. For a curve with a generic regular parameter t, we can write
where v(t) = β ′ (t) . So, it follows that
where s β is the arc-length parameter of β and j(s β ) = β(
Finally, applying the expression from Theorem 2 to the spherical curve β and using that at t = s 0 one has j(t = s 0 ) = J(s 0 ) and v(t = s 0 ) = 1, we find the expressions for κ α and τ α : in the second equality for τ α , we should use the fact that dP S /ds = ς b in order to conclude that
Remark 4 From the theorem above we see that θ(s) = arctan J(s) is only valid for spherical curves. In analogy with the study of the normals to the osculating spheres, the discrepancy between the results for a spherical and a generic curve is proportional to ς, which vanishes only for a curve on a sphere. Proof. Since a plane curve α lies on its osculating plane, then it lies on an RM moving plane: the principal normal vector of a plane curve is an RM vector. Conversely, let α lies on an RM moving plane span{t, n 1 }, i.e.,
where p is constant. Taking the derivative gives
and then
If κ 2 (s) = 0 for all s, then κ = 0 or τ = 0, since κ 2 = κ sin θ. In any case, the curve is planar. On the other hand, if A(s) = 0 for all s, it follows from the second equation of (29) that B is a constant. In this case, α(s) − p = B n 1 (s) and the curve must be spherical: it lies on a sphere of radius |B| and center p. In addition, from the first equation of (29) , it follows that κ 1 = −B −1 is a constant. Now, using that for a spherical curve the normal development curve (κ 1 , κ 2 ) lies on a straight line not passing through the origin, Theorem 1, we find that κ 2 is also a constant. Finally, since κ 1 and κ 2 are constants, we conclude that κ is a constant and τ = 0, i.e., α is a circle (of radius |B| and center p). ⊓ ⊔
Conclusion
In this work we studied characterizations of spherical and plane curves using RM frames. We first established a new proof for a known characterization of spherical curves by using osculating spheres described in terms of an RM frame. Going further with the study of spherical curves, we showed how to find the angle between the principal normal and an RM vector of a spherical curve. This was done by conveniently writing the curvature and torsion for a curve on a sphere. Later, we extended the study for the curvature and torsion for a generic curve using spherical analogs. Finally, we also addressed the problem of characterizing those curves whose position vector lies, up to a translation, on a plane spanned by the unit tangent and an RM vector and proved that they are precisely the plane curves. A problem that remains open is that of computing RM frames for a generic curve. To the best of our knowledge, no exact solution exists and in general one must resort to a numerical approach (e.g., the double reflection method [47] ). We hope our investigations may give some hints in this direction.
